We consider a class of non-unitary Toda theories based on the Lie superalgebras A (1) (n, n) in two-dimensional Minkowski spacetime, which can be twisted into a topological sector. In particular we study the simplest example with n = 1 and real fields, and show how this theory can be treated as an integrable perturbation of the A(1, 0) superconformal model. We construct the conserved currents and the vertex operators which are chiral primary fields in the conformal theory. We then define the chiral ring of the A (1) (1, 1) Toda theory and compute topological correlation functions in the twisted sector. The calculation is performed using a N = 2 off-shell superspace approach.
Introduction
Toda field theories in two spacetime dimensions are quantum integrable systems whose affine version realizes an off-critical deformation of the corresponding conformal non-affine model. The on-shell properties of these theories are well understood by now: the exact S-matrices have been constructed [1] , being elastic and two-body factorizable as a consequence of the existence of higher-spin conserved currents [2] .
Off-shell the situation is not so clear: form factors and correlation functions have been computed only for few specific models [3] and in this case integrability doesn't seem to play the same relevant role as in the on-shell counterpart.
The addition of supersymmetry might provide better hopes for the construction of completely solvable models. In particular it is well known that chiral and antichiral Green's functions of any N = 2 supersymmetric theory are spacetime independent, a drastic simplification if one were to attempt their complete determination. These classes of Green's functions are the ones which appear as physical correlators in the twisted topological version [4] of the N = 2 supersymmetric theory and for some specific choices of the superpotential they have been computed exactly [5, 6] .
In this paper we focus on the calculation of chiral correlation functions for the class of N = 2 supersymmetric Toda theories in Minkowski spacetime which are based on the A (1) (n, n) superalgebras [7, 8, 9] . These are nonunitary systems that can be twisted into a topological, BRST invariant sector [10] where ghost-like fields are eliminated from the physical spectrum. There survives instead an infinite number of solitonic configurations [10] which at the quantum level can be realized as BRST invariant vertex operators. The identification of the chiral ring and the study of topological correlators are the main issues that we address.
In section 2 we briefly present the N = 2 supersymmetric formulation of the A (1) (n, n) Toda field theory action. Then we concentrate on the simplest example with n = 1 and real fields. The conserved currents and the corresponding charges are computed in Section 3. There we show how the A (1) (1, 1) affine Toda theory can be obtained adding relevant perturbation terms to the superconformal A(1, 0) model. Section 4 is devoted to the definition and construction of the chiral ring: it consists in an infinite set of chiral primary vertex operators which generate physical states acting on the vacuum. The spectrum is infinite since we are dealing with a nonunitary theory. Local and nonlocal primary fields are present corresponding to classical solutions with trivial boundary conditions or solitonic ones respectively. They are constructed perturbatively with respect to the superconformal A(1, 0) model and classified by their scale dimensions, the O(1, 1) charge and the solitonic charge. The topological version of the theory is reviewed in Section 5, while the computation of topological correlation functions is the subject of Section 6. We analyze how the requirement of O(1, 1) charge conservation can be implemented consistently while maintaining background charge balance. We also show that spacetime indendence of the topological correlators reduces the computation of all of them to the calculation of one-point correlation functions. In Section 7 we perform the explicit calculation for the c = 1 model to zero order in the relevant perturbation. We use superspace techniques which not only simplify the algebra but are actually necessary for the correct introduction of screening operators which are marginal perturbations of the free field theory. Finally in Section 8 we present our conclusions. Notations and conventions are listed in Appendix A, while some details of the computation of the correlation function are collected in Appendix B.
2 The A (1) (n, n) affine Toda field theory Among the class of N = 1 supersymmetric Toda field theories the ones associated to the A (1) (n, n) superalgebras admit a second supersymmetry [11] and they can be formulated in terms of 2n, N = 2 complex superfields Ψ
i (conventions on N = 2 superspace are listed in Appendix A). The superspace action in two-dimensional Minkowski spacetime is given by
β is a coupling constant and K ij is the n × n matrix
We have included two coupling constants g + and g − in the superpotential for later convenience. The A (1) (n, n) theory is obtained by setting g + = g − = 1, whereas for g − = 1, g + = 0 the superpotential reduces to the one for the N = 1 superconformal invariant A(n, n) theory and for g + = g − = 0 one obtains the N = 2 superconformal A(n, n − 1) Toda. At the component level, after elimination of the auxiliary fields, the action can be reexpressed as
where
These theories are integrable and in Refs. [8, 9] the first non trivial higher-spin quantum currents were constructed to all orders in perturbation theory. Moreover they are not unitary since the matrix K ij is not positive definite. The action in eq. (2.1) is invariant under a complexified N = 2 algebra generated by the supersymmetry operators
In these models the usual U (1) invariance of N = 2 supersymmetry is extended to a U (1) ⊗ O(1, 1) invariance. As shown in Ref. [10] this allows to perfom a topological twist of the theory directly in Minkowski space by combining the O(1, 1) Lorentz group with this extra O(1, 1) invariance.
When the coupling constant β is imaginary the classical equations of motion from the action (2.4) with g + = g − = 1 admit solitonic solutions which have been studied in Ref. [10] . In particular the soliton spectrum survives the twist and the topological sector has the same solitonic content as the bosonic a (1) n theory [12] .
The model
We restrict now our attention to the simplest model in the above mentioned class, the A (1) (1, 1) theory with coupling constant iβ in the exponentials. Furthermore we choose the scalar fields φ ± to be real and ψ ± ,ψ ± to be the chiral and antichiral components of two Majorana fermions (ψ ± * = ψ ± ,ψ ± * = −ψ ± ). As discussed in Ref. [10] these reality conditions do not affect the O(1, 1) invariance which allows to perform the twist into the topological sector. However the U (1) invariance is lost and the theory does not possess a genuine N = 2 supersymmetry. The action becomes
is the action of the A(1, 0) theory. The bosonic and fermionic fields satisfy equal-time commutation relations
In the following we will drop the subscript x 0 = y 0 , all commutators being evaluated at equal times. Despite the lack of U (1) invariance the theory can be formulated in N = 2 superspace. In terms of two superfields Ψ + and Ψ − , chiral and antichiral respectively, with components Ψ ± → (φ ± , ψ ± ,ψ ± , F ± ) the action in eq. (3.1) can be written as
Later we will use the superspace formulation as a suitable device to compute correlation functions.
The symmetries of the model are generated by the following conserved currents: the spin-2 stress-energy tensor, the spin-1 O(1, 1) generator and the two spin-3 2 supersymmetries. According to the definitions given in Appendix A, we have
which satisfy the following conservation equations [9] 
We also haveT
for which similar conservation equations hold. (We note thatJ =J andJ = J). Setting g + = g − = 0 in eq. (3.7), the right-hand sides vanish on-shell since the A(1, 0) theory is N = 2 superconformal invariant and on-shell conservations hold separately in the holomorphic and antiholomorphic sectors. In any case terms proportional to the equations of motion are necessary whenever the off-shell invariance of the action needs be exhibited.
We note that in eqs. (3.6) , (3.8) improvement terms, i.e. total derivative terms, have been included in order to implement the correct holomorphic currents in the A(1, 0) theory. In particular the term − i 2β (∂ 2 φ + + ∂ 2 φ − ) in T and the corresponding one inT signal the presence of a background charge ( 1 β , 1 β ) coupled to the (φ + , φ − ) fields at infinity. Moreover it is easy to check that the central charge for the improved stress-energy tensor is c = 3 − 6 β 2 . In general for a spin-s current J (s) which satisfies the conservation equation∂J (s) + ∂J (s) = 0, the corresponding charge is
Therefore from eq. (3.7) and its counterpart in the antiholomorphic sector we can construct the conserved charges of the model. In particular, the supersymmetry charges are
In terms of the charges the conservation equations satisfied by the supersymmetry currents can be written as follows∂
These relations are exact to all orders in perturbation theory. For g + = 0 they agree with the result given in Ref. [13] where the perturbation corresponding to antichiral fields was neglected.
The term S pert in eq. (3.1) which must be added to the A(1, 0) superconformal action S 0 in order to obtain the affine A (1) (1, 1) theory, can be reexpressed in terms of the supersymmetry charges defined in eq. (3.9). More precisely, starting from S 0 in eq. (3.2), one obtains the A(1, 1) Toda theory by adding
are the A(1, 0) supersymmetry charges. As can be seen from eq. (3.9) the presence of the S − perturbation leaves G
unchanged whereas a g − -dependence arises
. Then the action for the affine A (1) (1, 1) Toda is constructed by perturbing the A(1, 1) theory with
where in eq. unchanged in this second step.
Classical solutions of the equations of motion from the action (3.1) are classified by the value of the topological charges
For g + , g − = 0 solitonic sectors are characterized by different, non zero values of T + and T − . At the quantum level we promote the topological charges T ± to be operators which, acting on physical states, give the solitonic number. States with different solitonic content are orthogonal.
We turn now to the definition of the chiral ring of the A (1) (1, 1) theory.
The chiral ring
We study first the spectrum of primary fields for the affine Toda theory. It consists in a set of local and nonlocal vertex operators which are classified by three quantum numbers: the scale dimensions, the O(1, 1) charge and the topological charge. We construct them perturbatively in g + and g − treating the affine A (1) (1, 1) theory as an integrable perturbation of the N = 2 superconformal A(1, 0) model. Therefore the quantum numbers of the vertex operators are computed with respect to the A(1, 0) charges
with∂T =∂J = 0 and ∂T = ∂J = 0 on-shell. The local operators are given by
any a ∈ R (4.2) (In the following vertex operators are always normal ordered even when not explicitly indicated.) Due to the lack of unitarity the spectrum is infinite and we do not have any restriction on the value of a. Computing the commutators with the holomorphic and antiholomorphic components of the stress-energy tensor, the O(1, 1) and the topological charges we obtain
This shows that the local operators in eq. (4.2) are characterized by conformal weight a and spin zero. Moreover the holomorphic and antiholomorphic conformal dimensions are always half of the O(1, 1) charges for any a. In order to construct the non-local sector of primary fields it is convenient to introduce four non-local fields [14, 15] 
They satisfy∂
where V 0 is the A(1, 0) potential in eq. (3.3) . From eq. (3.4) it is easy to derive the equal-time commutators for the creation and annihilation components ρ
where ǫ and µ are ultraviolet and infrared cutoffs respectively. In terms of the fields in eq. (4.4) we can write the most general non-local vertex operator as
It reduces to the local vertex in eq. (4.2) for a = b. Using the equal-time commutation relations in eq. (4.6) we can easily find the conditions that the non-local operators need satisfy to be primary fields and then compute their scale dimensions, the O(1, 1) and topological charges. They have well-defined conformal dimensions if
i.e. they must commute with e iβφ ∓ . Using results in Ref. [15] one shows that this amounts to
Finally we obtain the conformal dimensions, the O(1, 1) and the topological charges
with β 2 (a − b) = n. Thus the conformal weight of the operator is a+b 2 and the spin n 2β 2 . For n > 0 it describes solitons, whereas for n < 0 it creates antisolitonic states.
Given the spectrum of primary fields we can define now the chiral ring. Since the theory we are dealing with is nonunitary, the definition of the chiral ring is not unique (see Ref. [16] ). We choose to define it in the following way: left, right-chiral primaries satisfy the condition
where Φ is either a local or a non-local primary vertex operator. Correspondingly left, rightantichiral fields are realized imposing
We note that since the theory is interacting the rings are not factorized into holomorphic and antiholomorphic sectors. From the explicit expression of the supersymmetry charges it follows that chiral primary fields are of the form φ 
(1, 1) theory
The O(1, 1) symmetry of the affine Toda action in eq. (3.1) can be combined with the Lorentz invariance to twist the theory into the topological sector [10] . The spin content of the topological theory is determined by the new Lorentz group L ′ = (L ⊗ O(1, 1)) diag . Two equivalent twists are viable, the only difference being a spin interchange between ψ andψ. We choose the new spin assignment
which corresponds to a twist of the stress-energy tensor as T ′ = T + have spin zero. Therefore the nihilpotent combination
is the BRST charge of the topological theory. Moreover it is easy to check that the twisted stress-energy tensor is Q-exact
The BRST transformations on the fields are
where η is a real spin-0 parameter and V (φ − ) is the potential in eq. (2.5) with coupling constant iβ in the exponentials. The physical spectrum of the topological theory is defined by the condition Q|phys = 0. This implies that only BRST-invariant vertex operators generate physical states when acting on the topological vacuum (Q|0 = 0). From the explicit expression of Q in terms of the supersymmetry charges it follows that the physical spectrum of the topological theory coincides with the chiral ring of the untwisted theory. The unperturbed physical states are then generated by local primaries e iaβφ − and n-soliton operators e iaβρ − +ibβρ − , where a, b satisfy the conditions in eq. (4.9). We note that ∂V ∂φ − is Q-exact, being proportional to the fermionic Q-transformations. Thus φ − is cohomological trivial except at the critical points of the potential. We define our theory perturbatively around one of these points.
So far we have constructed the unperturbed physical spectrum of the topological theory. The perturbation modifies the chiral ring introducing a non-trivial dependence on the couplings. The perturbed chiral ring can be obtained by computing perturbatively the structure constants (three points correlation functions) of the ring. The computation of correlation functions will be the subject of the next section.
Topological correlation functions
We consider the most general correlation function in the topological sector of the A (1) (1, 1) Toda theory
for a string of N local or solitonic vertex operators where |0 is the topological vacuum. Exploiting the BRST invariance of the chiral fields at fixed t and using the relation [Q, H] = 0 where H is the hamiltonian of the theory, it is immediate to check that the expression (6.1) is invariant under BRST transformations. Consequently the topological correlation functions are numbers, independent of positions and times. Indeed, performing the calculation in the Heisenberg representation we can write
Thefore we can compute correlation functions for vertex operators at the same position and time or, in light-cone coordinates, with
Additional restrictions come from the requirement of topological charge conservation. Physically this condition means that the correlation function is non-vanishing only when solitons and antisolitons are present in equal number. From eq. (4.10) we have
Thus we need impose
This constraint and space-time independence allow to reduce all topological correlators to onepoint correlation functions
where we have set a = N i=1 a i and (z 1 ,z 1 ) is any point in the two dimensional space-time. Clearly it is the topological nature of the theory which prevents the existence of non-trivial solitonic asymptotic states.
We compute now F N using perturbation theory. As previously discussed the A (1) (1, 1) theory is obtained from the A(1, 0) system by adding the perturbations in eqs. (3.11) , (3.12) . Since the S + term is Q-exact, perturbation theory in g + is trivial. The relevant perturbation is S − given in eq. (3.11). Thus we compute perturbatively in g − and write
where now |0 is the topological A(1, 0) vacuum annihilated by the A(1, 0) BRST charge explicitly given in eq. (5.2) with g − = 0. Having insured the conservation of the topological charge, we still need impose that the O(1, 1) charge and the background charge ( 1 β , 1 β ) be balanced in the correlation function. We examine first the O(1, 1) charge. As it usually happens in standard N = 2 topological theories [5, 17, 13] , the twisting procedure generates a O(1, 1) anomaly, since we have now
where c is the central charge of the A(1, 0) theory. It follows that non zero contributions to the topological correlation function in eq. Obviously its insertion in the correlation function breaks BRST invariance. As discussed in Ref. [13] this can be cured defining 6.12) Indeed it is easy to verify that the introduction of the (z 2 ,z 2 ) factors in the chiral vertex φ − a and in the S − perturbation are such that the modified correlation function · · · is still (z 1 ,z 1 )-independent. This can be shown explicitly using a modified chargê (6.13) which commutes with Φ + c 3
. Taking the limit z 2 ,z 2 → ∞ at the end of the calculation one restores the standard BRST invariance of the topological correlation function.
At this stage the calculation of F N has been reduced to the evaluation of a two-point function with the vertices Φ − a , Φ + c 3
inserted at (z 1 ,z 1 ), (z 2 ,z 2 ). In general a two-point correlation function is invariant under Moebius transformations that leave the points z 1 and z 2 fixed. Thus in order to obtain a finite result we have to factor out the infinite Moebius volume given by
We turn now to the problem of background charge balance which we need impose in order to cancel the dependence on the infrared cutoff µ and obtain non-zero results in the thermodynamic limit. To this end screening operators must be inserted in eq. (6.11) . For the A(1, 0) theory there are one "bosonic" U and two "fermionic" U ± screening operators [17, 18] which in terms of N = 2 superfields are given by
(6.15)
The sum of the two fermionic screenings is the marginal perturbation of the A(1, 0) theory (see eq. (3.5)). Since even the bosonic screening is a marginal operator one could add U to the lagrangian without affecting its physical content [19] . Thus the insertion of a given number of screening operators corresponds to the computation of the correlation function at a given order in the marginal perturbations. Inserting (p − 1) bosonic U screenings and q ± fermionic U ± ones, at order M in g − , the request of background charge conservation gives
The two equations are consistent with the O(1, 1) charge balance (6.9) only for q + − q − = M . Moreover setting c = 3 − 6 β 2 in the second equation we find p = β 2 (q − + M + 1). Therefore non-zero correlation functions are obtained only for Toda theories with β 2 a positive integer. Writing β 2 = k + 2, k = 1, 2, · · · we obtain c = 3k k+2 , namely the central charge of the A k+1 N = 2 minimal models [20] .
We summarize here the results presented in this Section: the calculation of the N -point topological correlation function, at order M in perturbation theory with respect to g − , is given by (6.18) withŜ − , U, U ± and V ∞V∞ in eqs. (6.12, 6.15, 6.16, 6.14) respectively and (6.19) 7 The superspace calculation
In this section we use the N = 2 superspace formalism to compute the simplest example of topological correlation functions in eq. (6.18): we choose the model with c = 1 and perform the calculation at zero order in the g − perturbation. Then from eq. (6.19) we have k = 1,
. Moreover the minimum number of screening operators we need insert in order to obtain a non-vanishing correlation function is two bosonic and zero fermionic ones. Thus we want to evaluate
For notational convenience we leave β unspecified, inserting the value β 2 = 3 in the final result. We perform first the contraction of the two normal ordered exponentials
2) We note that being the theory interacting the screenings have a nontrivial dependence on the auxiliary fields. If we were to use a component description and eliminate the auxiliary fields via their field equations, the calculation of the correlation function would become hardly manageable. A way to overcome this problem is to perform the computation off-shell directly in N = 2 superspace. We write then
where we have introduced the notation (Z,Z) ≡ (z, θ,z,θ) and | means evaluating the final result at θ 1 =θ 1 = θ 2 =θ 2 = 0. The N = 2 superspace conventions we will adopt in the course of the calculation are collected in Appendix A. There the reader can also find the expression of the superfield propagators with ultraviolet and infrared cutoffs explicitly shown. Here we will not indicate the dependence on the cutoffs, unless when necessary to prove cancellations of divergences.
We proceed organizing the calculation in eq. (7.3) as follows: first we compute the contraction of the two screenings and then contract the result with the normal ordered exponential. Using the quantum-background method, we define quantum fields ξ as Ψ → Ψ + ξ and compute
: 7.4) where indicates the complete contraction of the two operators. We obtain : e
Using the explicit expression of the propagators as given in eq. (A.13) one can perform the D-algebra in the (n − 1)-loop order contribution which gives 7.6) where the spacetime and covariant spinor derivatives act on the (Z ′ ,Z ′ ) variables. Inserting the above expression in eq. (7.5) one can easily perform the sum over p and use the identities in eq. (A.16) to rewrite the result in the following form : e
We note that the term 8) has been obtained from the infinite sum of contributions of the form
where we have explicitly indicated the dependence on the ultraviolet cutoff ǫ. Using the relation 7.10) one can easily check that, while each term in eq. (7.9) is logarithmically ultraviolet divergent, the final sum in eq. (7.8) vanishes when the cutoff is removed. Going back to eq. (7.3) we can then write
Then we perform the θ-integration. Inserting the prefactor in eq. (7.2) we obtain
From the definition in eq. (7.12) , using the explicit expressions of the propagators as given in eq. (A.13) of the Appendix, we obtain 7.14) It is now tedious but straightforward to evaluate the expressions (z 2z2 )
We note that the integral rescales with the correct power in z 2z2 in order to give a non-trivial contribution to the correlation function as defined in eq. (7.1) . Therefore for β 2 = 3 we can finally write 7.16) where 7.17) and 7.18) withJ the same integral in thez,z ′ -variables. We would like to remark that the correlation functions are factorized as products of holomorphic and antiholomorphic terms in spite of the lack of explicit factorization in the chiral ring. The last step is the evaluation of the integrals in eq. (7.18) . The details are given in Appendix B. We report here the final result: inserting the value of J from eq. (B.11) into eq. (7.16) we obtain
Conclusions
The affine Toda theories based on the Lie superalgebras A (1) (n, n) in two-dimensional Minkowski spacetime are nonunitary models that can be twisted into a topological sector. They can be obtained in a two-step procedure as perturbations of the N = 2 superconformal A(n, n − 1) Toda systems.
In this paper we have studied in detail the case n = 1. The action of the A(1, 0) model, S 0 given in eq. (3.2) , contains an interaction, V 0 , which is a marginal perturbation of the free theory, a necessary condition since the complete interacting theory is still conformally invariant. The affine theory, A (1) (1, 1) , is constructed by adding to S 0 the perturbation terms S − and S + in eqs. (3.11, 3.12) . We have shown that S − is a relevant perturbation while S + is Q-exact with respect to the BRST charge which defines the topological version of the theory.
Having identified the chiral and antichiral rings, we concentrated on the computation of the topological correlation functions. The physical, BRST-invariant operators are primary chiral vertices with well-defined scale dimensions, O(1, 1) charge and solitonic topological number. When inserted into a correlation function they give a nonzero result only if the various charges are conserved in the process. This requirement with the additional request of background charge conservation fixes the value of the central charge of the theory to be the one of the N = 2 A k+1 minimal models. Moreover it puts severe restrictions on the allowed quantum numbers of the vertices. In particular solitons and antisolitons are always present in equal number. In fact one finds that the calculation of an N -point correlation function reduces to the evaluation of a one-point topological correlator, independent of the solitonic number.
At this stage it is convenient to go back to the untwisted version of the theory, implement the topological O(1, 1) anomaly with a vertex carrying this anomalous charge at infinity and compute the correlation function as in ordinary perturbation theory. Within this approach the general form of the N -point correlator is given in eq. (6.18) . We emphasize that F (M ) N is at order M in the relevant g − perturbation and at order (p − 1), q ± in the marginal perturbations U, U ± respectively. The simplest correlator for the c = 1 model and M = 0 has been computed using a N = 2 superspace approach. Superfield techniques simplify the algebra significantly so that the calculation of higher-order corrections in the g − perturbation might be attempted.
We have considered a theory in Minkowski spacetime. Obviously the same procedure would work equally well in standard N = 2 supersymmetric theories formulated in euclidean space. Since our calculation consists essentially in the evaluation of a two-point correlator, it would be interesting to apply the N = 2 superspace method to the calculation of the Zamolodchikov chiral-antichiral metric [22] .
We acknowledge useful conversations with E. Montaldi, M. Pernici, P. Soriani and N. Warner.
A
In this appendix we list our notations and conventions. We work in N = 2 superspace described by light-cone coordinates
where x 0 ≡ t and x 1 are coordinates in Minkowski space with signature g µν = diag(1, −1), and spinor coordinates θ ± ,θ ± satisfying the following conjugation rules
We define N = 2 supercovariant derivatives
They satisfy the algebra
Often we make use of the following notation .6) N = 2 chiral and antichiral superfields Ψ andΨ ≡ Ψ * are subject to the constraints
and they can be written as .8) where
The convention for complex cojugation on the product of two fermions is (ψ 1 ψ 2 ) * = ψ * 2 ψ * 1 . We have defined φ (φ = φ * ) to be a complex scalar field, F (F = F * ) the auxiliary field and ψ,ψ the components of a Dirac spinor .10) with respect to the two dimensional Dirac basis
where C is the charge conjugation matrix. Majorana-Weyl spinors satisfy the reality conditions ψ * = ψ,ψ * = −ψ.
We consider a general N = 2 superspace action for n superfields .12) where K ij is an invertible, symmetric, real n × n constant matrix and W is the superpotential. The integration measure is defined as d 2 z = dzdz, d 2 θ = dθ + dθ − → 2D 2 , d 2θ = dθ + dθ − → 2D 2 and d 4 θ = d 2 θd 2θ → 4D 2D2 . From the action in eq. (A.12) we obtain the chiral-antichiral superfield propagator (with Z ≡ (z, θ + , θ − ),Z ≡ (z,θ + ,θ − )) .13) where .14) and µ, ǫ are infrared and ultraviolet cutoffs respectively. Standard superspace techniques greatly simplify the computation of Green's functions. Typically the final result for a perturbative loop contribution is always local in the θ-variables once the D-algebra has been completed. In so doing one makes use of the commutation algebra in eq. (A.5) and of the relation .15) We list here some identities that we have employed repeatedly in the superspace calculation presented in Section 7:
Finally for a spin-1 conserved current J µ (∂ µ J µ = 0) we define light-cone components .17) satisfying the conservation equations∂J = −∂J. The corresponding conserved charge is dx 2πi √ 2 (J +J ) and in general we define modes as .18) These definitions are easily extended to higher spin-conserved currents. Therefore, for the supersymmetry currents G µ andḠ µ we define the light-cone components as .19) and the corresponding modes .20) The supersymmetry charges are obtained setting n = −1. For the spin-2 stress energy tensor we define T ≡ T ++ = T 00 + T 11 + 2T 01 T ≡ T −− = T 00 + T 11 − 2T 01 T ≡ T +− = T 00 − T 11 (A.21) The modes corresponding to the T component are .22) Analogous definitions hold forT andT .
B
In this appendix we present some details of the calculation of the I and J integrals in Section 7. Using the expression in eq. (7.14) we can compute the quantity in eq. (7.13) where H indicates any function of z. Using eq. (3.197.3) page 286 in Ref. [21] we obtain the following expression 
